1. Introduction.-If we accept the standpoint that real and complex fields arc completions of algebraic number fields by their Archimedean valuations, analytie groups, for instance, over completions by non-Archimedean valuations appear with equal right as real and complex Lie groups. We can see immediately that most of the basic principles of the theory of Lie groups1 can be carried over to analytic groups over an arbitrary complete field. We shall illustrate this by proving the existence of canonical co-ordinate systems on commutative analytic groups. This is a simple remark, but it is of significance because it contains Mattuck's generalization of Lutz's theorem2 and the local isomorphism theorem of p-adic additive and multiplicative groups3 as special cases.
2. Commutative Analytic Groups.-By a field we shall understand a field of characteristic 0. A complete field is a field which is complete with respect to the metric topology induced by a real-valued valuation of the field. 4 We observe that fundamental existence theorems, for instance, the existence theorem for a completely integrable system, can be proved by the method of "calcul des limites"6 over an arbitrary complete field. It was not by chance that the notion of completeness was discovered by Cauchy in proving various existence theorems by this "calcul des limites."
Now, if k is a complete field, analytic manifolds over k, and hence analytic groups over k, can be defined as in the classical case.6 Also, if 5 is an analytic group of dimension n over k, there are n independent forms of Maurer-Cartan, say wi, .
Wn, on. 3. We know that 05 is commutative if and only if co are closed for i = I, ... , n.7 We shall assume that @ is commutative.
Pick a system of co-ordinates, say (xi, . ., x,), on (M at the neutral element E such that x2(E) = 0 for i = 1, . . ., n. Then we can express wi in terms of the for i, j = 1, . . .,n. Since cwi are closed, this system is completely integrable. Therefore, ui can be expressed as convergent power series without constant terms in the xi, . . ., IXn. Since det(A1j(O)) 5 0, we can take (ul, . . . , un) as a system of co-ordinates on (M at e. Moreover, in terms of the co-ordinates ui, .. ., u,, we have cAoi(u, du) = dui for i = 1, . . . , n. Now pick an element ao of 6 which is very close to e. The functions ui(ao a) -vi(a) are defined and analytic in some neighborhood of e; hence there exist convergent power seriesfi(ul, . . . , un) such that vi(o-) = fi(u,(af), . . . , u,,()) for i = 1, ... n. Since wi are invariant by translations, we get ji(v, dv) = wti(u, du), i.e., aft/ buj = bIt for i, j = 1, . . . , n. This shows that fi(u) = aj + uj with some constants a1 in k, and we have U,(Uo) = v2(e) = fi(O) = ai, and hence ui(Co.Ca) = ui(oo) + u1(cr) for i = 1, .l . , n. In other words, the mapping a -f (ui(a),... , un(a)) gives an analytic local isomorphism of 05 to the n-dimensional vector group kn over k.
If the valuation of k is Archimedean, we can extend this local isomorphism uniquely to a homomorphism of kn into 5, and the proof depends only on the Archimedean character of the valuation.
3. Mattuck's Theorem.-Let G be an algebraic group variety of dimension n defined over a complete field k. If we denote by 5 the group of rational points of G over k, by the theory of simple points,8 5 becomes an analytic group of dimension n over k. Hence, if G is commutative, ($ is locally isomorphic with kn. In particular, if we take as G the multiplicative group of the universal domain containing k, we see that the multiplicative group of k is locally isomorphic to the additive group of k. On the other hand, if the valuation of k is non-Archimedean, kn contains small subgroups isomorphic to the n-dimensional vector group over the ring of integers of k. Furthermore, if k is locally compact and nondiscrete, and if G is complete as a variety,9 (5 is compact; hence, by an elementary theorem on topological groups, any open subgroup is of finite index. Here the compactness of 5 follows from the facts that any complete variety is "dominated" by a projective variety'0 and that the set of rational points over k of a projective variety is compact. * This work was partially supported by the National Science Foundation.
